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INTERPOLATING SEQUENCES FOR 04,
BY
CARL SUNDBERG AND THOMAS H. WOLFF'

ABSTRACT. Let B be a closed algebra lying between H* and L* of the unit circle.
We define Q4 = H® N B, the analytic functions in Qp = B N B. By work of
Chang, Qp is characterized by a vanishing mean oscillation condition. We char-
acterize the sequences of points {z,} in the open unit disc for which the interpola-
tion problem f(z,) =A,,n=1,2,..., is solvable with f € Qg for any bounded
sequence of numbers {A,}. Included as a necessary part of our proof is a study of
the algebras QA4 and Qp.

1. Introduction. Let H* denote the Banach algebra of bounded analytic functions
on the open unit disc D = {z: | z|< 1}. Using radial limits we can identify H* with
a closed subalgebra of L* = L*(dD). An H* function can be recovered from its
boundary values by means of the Poisson integral formula

1(2) = [ () dp ("),
where

i 1 |z
sz(eo) ZE |ex0_2||

do = P,(e') db.
We will also use this formula to define harmonic extensions of functions in
L? = L?(@D),1 <p < c0.

An interpolating sequence is a sequence {z,} C D with the property that for any
bounded sequence of complex numbers {A,} there exists f € H® such thatf(z,,) = A,
for all n. A well-known theorem of L. Carleson [1] states that a sequence {z,} is
interpolating iff

1nf II

m¥#*n

>0.

l —Z,,2,
A Blaschke product

b(z )_H |zz(|1(z ))

n
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is called an interpolating Blaschke product if its zero set {z,} is an interpolating
sequence. It is easy to check that

I

m¥*n

zm_znl

=|b(2,) | (1~ |z, ),

hence a Blaschke product is interpolating precisely when inf, | b'(z,) | (1 — | z,|*) >
0.
A function f € L(3D) is said to be in BMO if

1 dé
11, = sup 7 [1f = 10) |1 3 < 0.

1-2,2,

Here the supremum is taken over arcs I C dD,|I| denotes Lebesgue measure of 1
divided by 27, and I(f) = (1/|1])f;fd6/2x. It follows from results of P. Jones in
[14] that if {z,} C D is such that inf Il ,,.,|(z,, — z,)/(1 — Z,2,) | is very close to
1 and |A,|< 1, then the interpolation problem f(z,) = A, can be solved by an H®
function whose boundary values have small BMO norm. In other words, “thinness”
of a sequence implies interpolation with functions that oscillate very little. In this
paper we prove an analogous result in which thinness of the entire sequence is
replaced by thinness only in certain regions of the disc, and small BMO norm is
replaced by small mean oscillation on certain arcs of dD. Our result concerns
function spaces arising in the theory of Douglas algebras, which we will now discuss
briefly. For further information we suggest the reader consult [3,4,9, 17, 19, and 20].

A Douglas algebra is a closed subalgebra of L* containing H*. It is a consequence
of the Gleason-Whitney Theorem [11] that the maximal ideal space IN(B) of a
Douglas algebra B is naturally imbedded in 9N (H*), the maximal ideal space of
H*.In [3 and 17), S.-Y. A. Chang and D. E. Marshall proved the following result,
which had been conjectured by R. G. Douglas.

CHANG-MARSHALL THEOREM. Every Douglas algebra is generated as a closed
algebra over H® by a family of complex conjugates of Blaschke products.

In connection with this, we note that since a Blaschke product b is unimodular as
an element of L*(3D), b = b~' in L*(dD). An important part of Chang’s proof is
the study of a certain mean oscillation condition connected with a Douglas algebra.
Let B be a Douglas algebra. A consequence of the Chang-Marshall Theorem is that
if U C 9N(H™) is an open set containing 9L(B), then U N D contains a set of the
form

{zeD:|b(z)|>n},

where b is a Blaschke product in B~! and 0 < < 1. Conversely, any set of this form
is the intersection with D of a neighborhood of 91(B). Hence a statement such as
“Y(z) > 0 as z > IM(B)” has the following obvious interpretation: given & >0
there is a Blaschke product b € B™' and 0 <7 < 1 such that |{(z)|< ¢ whenever
| b(z)|> n. For a point z € D we define I, C 9D to be the arc of length 2#(1 — |z )
centered at z/| z | . We now define

Qp=BnN B, the largest C*-algebra contained in B,

QA,=Q,NH®=BNH™,
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VMO, = (f € BMO: (1/|L))f;, |f — 1(f)| d8/27 - 0 as z - (B)).
We will also occasionally mention the space Cg, which is the C*-algebra generated
by the Blaschke products in B~!. Among other things, Chang shows in [4] that
0y = VMO, N L*™.

Before stating our result we need one more definition.

DEFINITION. A sequence {z,} C D is thin near 9W(B) if it is an interpolating
sequence and

zn_zm

1-2,z,

-1 asz, - 9M(B).

I

m¥*n

By Theorem 4.3 of [12] an interpolating Blaschke product whose zero set misses
some neighborhood of 9M(B) is invertible in B. Using this fact it is easy to verify
that if {z,} is an interpolating sequence with associated Blaschke product b, then
{z,} is thin near 9N(B) iff for any 0 <n <1 a factorization b = bb, exists
satisfying b, € B~' and | bj(z,) | (1 — | z,|*) > n for all n such that b,(z,) = 0.

We can now state our main result.

THEOREM 1. The following are equivalent for a sequence {z,} C D:

(1) For any bounded sequence of complex numbers {\,} there exists f € QAp such
that f(z,) = A, for all n.

(2) For any bounded sequence of complex numbers {\} there exists f € VMOy such
that f(z,) = A, for all n.

(3) {z,,} is thin near 9N(B).

Moreover if condition (3) is met we can find P. Beurling functions yielding (1). That
is, there are functions ¢, € QAg such that ¢,(z,) = 6, and for any bounded sequences
{An}’znkn(pn € QAB

The proof of Theorem 1 will occupy the rest of this paper. The implication from
(1) to (2) is of course trivial, and the implication from (2) to (3) is shown in §7. The
main difficulty is in showing that (3) implies (1). This involves quite a few auxiliary
results and is done in §§3-5.

We will now give a brief outline of the paper.

§2: This is a study of some basic facts about VMO,.

§3: We assume the interpolating sequence z,, satisfies a certain technical condition
called A . Let {A,} be a bounded sequence and assume there is g, € Qp such that
| 86(z,) — A, |~ 0 as z, - ON(B). We perturb g, to obtain a function g € C*(D)
such that g(z) = A, when | (z — z,)/(1 — Z,z) |<n, where 7 is a small number, and
such that the measures | vg(z)|*(1 — |z[*)dxdy and |Ag(z)|(1 — |z|*)dxdy
satisfy a condition which we call a B-Carleson condition. Let b be the Blaschke
product with zeros {z,}. Using results of §2 and the condition Az we show that
there is ¢ € QA such that gb € Q4,, and such that | vg|*(1 — |z |*)dxdy/|q |
and |Ag|(1 — |z|*)dx dy/|q| are still B-Carleson measures. We now set f = g +
gba, where a is to be chosen so that f € Q4. This is done by solving the 9-equation
da/0z = —(3g/9z)/qb; results in §2 imply that this equation can be solved by a
function & with boundary values in Q. Together with the above condition on Vg,
this implies that f € QA . Clearly f(z,) = A, for all n.
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§4: Using a construction due to J. Garnett and P. Jones we show that if {z,} is
thin near 9N 4, then {z,} satisfies the condition A 5.

§5: We complete the proof that (3) implies (1) by showing that for any bounded
sequence {A,} there is g, € Qp such that | gy(z,) — A, |- 0 as z, - IN(B). This is
done by an explicit construction related to, but somewhat easier than, the Garnett-
Jones construction.

§6: Using a method due to N. Th. Varopoulos we construct the P. Beurling
functions which give (1). In order to assure that the desired linear combinations of
these functions are in QA4 it is necessary that the estimates in the preceding sections
depend only on the sequence {z,}; this requirement unfortunately forces all our
proofs to be more complicated.

§7: This is the proof that (2) implies (3).

ReMARks. (1) If the interpolating sequence {z,} is such that its associated
Blaschke product is in B!, then certainly {z,} is thin near 9N(B). In this case the
proof of the H* interpolation theorem due to J. P. Earl [S] yields an interpolating
function in Cz; N H*.

(2) The existence of P. Beurling functions solving the H* interpolation problem is
shown in {2]. Jones, in [15], has obtained explicit formulas for such functions. These
formulas as written do not answer the present question, but it seems possible that
some alteration of them might yield our results.

(3) Because of the quantitative nature of our methods we actually show a stronger
result than (3) implies (1). The alert and patient reader will be able to see that our
methods establish the following

THEOREM 2. Let {z,} C D be an interpolating sequence. Then there exist functions
¢, € H® such that ¢,(z,) = 8,,,2,\, 0, € H® for any bounded sequence {\,}, and
such that the following statements are true. Let € > 0 be given. There then exists
0 <1 <1 such that if a Blaschke product b and a number 0 < p <1 are such that
0wnl (2, — 2,)/( — Z,,2,) |> 1 whenever | b(z,) |> p, then

|Tl|fl gm,,—lz(gk,.%) a9

E <eg
whenever | b(z)|> p’, if {A,} is any sequence for which |\,|<1 for all n; here
0 < p’ < 1 depends only on ¢ and p.

In particular, the result mentioned at the beginning of this section about inter-
polating with functions of small BMO norm follows from our proof. An explicit
proof of Theorem 2 would seem to be too cumbersome to-write down.

We now list some notations that will be used throughout this paper.

DEFINITIONS. The letters C, C’, C,, etc. will denote constants, not necessarily the
same at each occurrence.

IfI=(e®:a<@<a+l}isanarc, then S, = {re’: e® € 1,1 — [2n <r<1)}
and T, = {re" € S;: 1 — 127 <r <1 —}l/27)}; i.e., T is the “top half” of S,.

If z € D, then 1, is the arc of length 2(1 — | z |) centered at z/| z | ; we then denote
by S, and T, respectively the sets S; and 7;. If / is an arc then z, is the point in D
such that I =1, .
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If z,w € D the pseudo-hyperbolic distance between them is p(z, w) =
|(z — w)/(1 — zw)| . For a € D we denote by L, the linear fractional map L (z) =
(z + a)/(1 + az). Itis well known that p(L,(z), L (w)) = p(z, w).

If I is an arc and q is a positive integer, then ¢ is the arc with the same center as I
and length ¢ times that of I (if ¢ times the length of I is greater than 2, set
gI = 3D). We will also use the notations / = 3I and =51

A dyadic arc is an arc of the form {e”’: 27k /2" < 8 < 2w (k + 1)/2"} for n =0
and0<k<2"—1.

If E C 9D we denote by | E | the Lebesgue measure of E divided by 2. If I is an
arc and fis a function on dD, then

1 do
10N =177 /30>
M) = [11- 100157,

V,(f) = sup{|f(e®) — f(e) | : e, "2 € I}.

Thus || /I, = sup, My(f).
A Carleson measure is a measure p on D for which

lpll, = sup{|u| (S;)/|I|:Ianarc} < oo.

It is well known (see Chapter 6 of [9]) that the norm || u ||, is equivalent to the norm
sup(J(1 — |2P)/| 1~ &2 d|u|€): z € D).

We will denote by H?,1 < p < oo, the usual Hardy spaces of analytic functions,
and set Hf = {f € H?: f(0) = 0}. We will write L? for L?(dD). The orthogonal
projections of L2 onto H? and (H?)* = HZ will be denoted respectively by P and Q.
For f € L?, we will denote the harmonic conjugate (Hilbert transform) of f by f.

Finally, we state a well-known consequence of Hall’s Lemma that we will use
repeatedly. For a proof see Chapter 8 of [9].

LEMMA 1.1. If0 <n < 1 and € > 0, then there is 0 < k < | such that if a € D and
f€ H® | fll, <1, is such that there exists z € T, satisfying | b(z) |> «, then the set
{w € S,: | b(w)|<n} is contained in a union of squares Sw, CS,withZ,(1 —|w|) <

o1 — |a).

2. Basic facts about VMOj. In this section we will study analogues for VMO, of
various well-known facts about BMO. The main result is Theorem 2.14.

THEOREM 2.1. Let f € BMO, || fll, <1, and let 1 < p < co. Then the following are
equivalent:
(1) f € VMO,
@) (/1 LDfr,|f — 1(f)| d8/27 - 0 as z > O(B),
i) (/| LD I = L(HP di/2m)'/? > 0as z » OM(B),
@) [ |f = f(z)| dP, > 0 as z > T(B),
W) (J1f = z) P dP)/? - 0 as z > (B),
i) f[A =z 1= 8P| VA (A — | *) dédn - 0 as z > ON(B), where
¢ = & + in and Vf denotes the gradient of the harmonic extension of f.
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REMARK. This theorem is mostly known, but we will need more precise informa-
tion than existing proofs seem to give. Our proof will establish, for instance, that
there is a constant C depending only on p such that if ¢e>0,|| fIl, <1,bis a
Blaschke product, and 0 <7 <1 are such that (1/|L|)[; |f— L(f)|d6/27 <e
whenever |b(z)|>n, then ((1/|L |)f; |f— I(f) d6/2m)'/? < Ce whenever
| b(z)|> 7', where 0 <7’ < 1 depends only on ¢, p, and 7. The other implications in
the theorem can be similarly rephrased.

PROOF OF THEOREM 2.1. (i) « (ii) is the definition of VMOy, and (iii) = (ii), (v) =
(iv) are immediate consequences of Holder’s inequality. Once we have established
the equivalences of (ii)—(v), (vi) can be proven equivalent to the others by showing it
to be equivalent to (v) for the case p = 2. This latter equivalence is shown by Chang
in [3 and 4]; we now sketch her argument for the sake of completeness. A calculation
based on Fourier series establishes that

%flg—g(o)lzg < %fnfl ve(§) P (1= [§]?) dgdn

do
<[lg-gO)P5

for any g € L?; replacing g by f o L, yields

1-— 2
1= s pan < o [ R 19r) P (1= 15P) dean

< [If-1(z)Pan,

which easily gives the desired equivalence.

It remains to show that (iv) = (ii) = (iii) = (v). In the remainder of the proof, C
will denote a constant depending at most only on p, and not necessarily the same at
each occurrence.

(iv) = (ii): Lete > 0. Choose b € B™'and 0 <7 < l such that [ |f — f(z) | dP, < ¢
whenever | b(z) |> 1. We have P(e'’) > C/| L, | if e € I,. Hence if | b(z) |> 1,

T L1 < & [ 1= 12) ap..

This easily gives (1/| L, |)f; |f— 1(f)| d0/27 < 2¢/C.

(iii) = (iv): The proof is an adaptation of the argument used to establish the
analogous BMO result in [19, Chapter 5]. Let ¢ >0 and choose » € B~! and
0 <n <1suchthat (1/|L|)f|f— L(f) P d8/27)'/? < ¢ whenever | b(z) |> 7. Set
I,=2"I,forn=0,1,...,N — 1, where N is the smallest integer such that 2V |1 |=1,
and set Iy = 3D. Now Py(e”) < C/|I,| for all e”, and P(e) < C/2%"|1,| for
e® & I. Hence

N—1
Jif—L(Hrar.=[1f-L(Hpar.+ [ |f=L(f)pap.
I, n=0 "Tar\1I,
1 1
sl o

1 g "G!
<Cm/|f—lz(f)?’§+cn§0
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Now we note that if I is any arc then
1 do
@D = 1) <777 [ 17 = @I I3, < 2M3,(1).
Hence | I(f) — L(f)|< 227- M, (f), and so

n+1

1/p
(Tlulfulf_l’(mp%) <ﬁf,ﬂlf— +|(f)|"2 +22M(f),

Since || fIl, <1, we have M;(f)<1 for all j. It also follows from the John-
Nirenberg Theorem [13] that

= a9 \'"”
(llnlﬂlj; lf—InH(f)"pﬁ) <_C.

Choose K so high that

(2.2)
S L e § Lttty <o
n=K+1 2n_l |In+ll I,,+| ‘ 277 n=K+1 2” !

Using Schwarz’s Lemma, choose 0 < x < 1 so that | b(z) |> k implies that | b(w) |> 7
ifwe T,j for any j < K + 1. Then using

1/p
(=7 fr-ynrse]

we have
K

K
1

03 3 omrar) V- LOPE < 3 Slet 2t D7 < con
Combining (2.2) and (2.3) with the fact that ((l/| I, |)f,z |f— L(f)Fdo/2m)/P <,
we see that ([ |f— L(f) P dP,)"/? < Ce if | b(z) |> . Hence ([ |f — f(z) | dP,)"/”
< 2Ce for such z.

(ii) = (iii): Our proof is similar to the proof of the John-Nirenberg Theorem [13].
Let e > 0 and let a Blaschke product’» € B~ and 0 < 5 < 1 be such that M(f)<e
whenever | b(z) |> 7. We first note that if I is an arc and E C I, then

(,—}|f5|f—1(f)w‘2’—f:)w (,,|f|f I(f)PP—)W(%)W
<C(EVI)™,

where the last inequality follows from the John-Nirenberg Theorem and the fact that
I fll, <1.Choosey > 0 so thatif | E|< y| I|, this last quantity is less than e.

For an arc I denote by %(I) the dyadic decomposition of I, i.e., the collection of
arcs obtained from I by successive halvings. Using Lemma 1.1, choose 0 <k <1
such that | b(z) |> « implies

|U {1 €9(1,): Iw € T, such that | b(w) |[<n}|<v|L].
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Now let z € D satisfy | b(z) |> «. Let
{4} = {1 €D(1,): 3w € T} such that | b(w) |< 3}.

We note that our choice of y and k guarantee that

0 1/p
(|Ilz|fUJ|f_IZ(f)|pt21_7r <e.

We want to estimate the measure of E, = {e’? € I\ U J;: | f(e"®) — I,(f)|> 4ne}.
To this end, set I = I, and denote by {I, }, the maximal arcs in D(I) satisfying
I, ¢ J, for any !/ and (1/|I, |)j, |f—I(f)| d0/27 = 2¢. Then by maximality,
(1/| I, |)f,k |f—I(f)|d8/2n < 4¢. For each ki, denote by {1 .}, the maximal
arcs in GD(Ik ) satisfying I, , & J, for any / and (1/| I, |)/,k \ |f Ik(f)| do/2x
= 2e. Contmulng this process, we obtain a set of arcs {1, ..., } ow the inequalities

1 |f— . (f)‘—<4s ji=1,...,n,

Py A

together with Lebesgue’s differentiation theorem imply that, except for a set of
measure zero, E, C U, I, . Since I .., ZJ, for any I, we have
(f) <, hence

db
£|Ik. k- .|>/ |f—Ik,~~k,_,(f)|§;T‘
Iy, .. k-

[kl‘”"j—

dé
>2[ |f_Ik.mk,-,(f)|ﬁ>2ek2|lk,-~-k,|-

k; ek,

Iterating this inequality, we obtain 3, , |f; ...« |<|I|/2" hence | E,|<|I|/2".
This easily implies that if F, = {¢' € I\'U Jy: |f(e‘0) — I(f)|> a}, then | F,|<
2| 1|/2°/%¢ for a = 4e. This yields

rhflf‘“f)l"g:ﬁf lf—I(f)w% e 105) P2
,,,f | {e® € I\ U J;: |f(e®) = I()|> o} | pa? ™" da + ¢

Pl 1 P
lllf | 1| pa da+|1|f 2m/‘w|1|p¢x da+ e

<(4e)p+2p(-l—(g—§) T(p)e? + e.

Thus (1/| L, Df; |f— L(OHP d/2m)"/? < Ce if | b(z) |> k, as desired. This com-
pletes the proof of the theorem. O

COROLLARY 2.4. Let f € VMOy. Then |f(z) — I(f)|— 0 as z - IN(B). More
precisely, given € >0 there exists ¢ >0 making the following statement true. If
f € BMO with || f I, <1 and a Blaschke product b and a number 0 < n <1 are such
that M;(f) < & whenever | b(z)|>n, then | f(z) — I,(f)|< & whenever | b(z)|> ,
where 0 < k < 1 depends only on € and 7.
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PRrOOF. The proof that (iii) implies (iv) of course also works for p = 1, and this
proof actually establishesabound on [ |f — L(f)| dP,=|f(z) — I(f)|. O

Recall that P, Q denote respectively the orthogonal projections of L? onto H? and
(H?)* = HZ. 1t is implicit in the work of Chang that B = {f € L®: QOf € VMO,},
hence in particular that this latter set is an algebra. Our next result provides a direct
proof of this fact.

THEOREM 2.5. Let f,g € L* with |Ifll,<LIllgll<1, let >0, let b be a
Blaschke product, and let 0 <wm<1. Say that (| Qf — Qf(z)|*dP,)"/* <e and
(f| Qg — Qg(z)|* dP,)"/* < & when | b(z) |> . Then there is 0 < k < 1 such that

1/2

(1000 - oty Pan) < ce
whenever | b(z) |> k, where k depends only on € and m, and C is a universal constant.

PRrOOF. For z € D define H? = {f € H: f(z) = 0}. We have
J10(f8) = o(fe)(z) P,

= swn{|flo(0) ~ QU@ har| h e 12, f1hF ar, <1

= sup{| f12(6) - Q) oNharw e 1, finp ar. <1}

- sup{ Jo(fe) - hap:h e H, [|h]ap, < 1}
since [h dP, = h(z) = 0 for h € H?. For brevity we write sup{ - } for
sup{- the sz,f|h|2sz < l}.

Continuing our chain of equalities:

-

<sw{| 1/~ AN sna,

sup{' [o(ss) - hap,

[ 1gn ap.

b+ supfisca

f gh dP,

|

} + sup{’ J1pr = Pf(z)]ghab,

< supﬂ [lor - of(2)]gh ab,

+sup{Ugh dP, }

Now | [[Qf — Of(2)]gh dP,|< (/| Of — Of(2)|* dP,)"/* < e and
5 1/2
|fenap|=|[l0s - 0s()1nap)<(flos - 0s(o) ap.) " <

|
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if | b(z) |> n. The middle integral can be rewritten as

J1Bf = P1(2)]10g — Qs(2)]h aP..

By the extended Holder inequality this is bounded by
1/4 1/2

(f10r- et an) " (fier - et ar) " finp )

The third factor is of course bounded by 1. The analogue for BMO of the
implication from (ii) to (v) in Theorem 2.1 is well known—see Chapter 4 of
[19]—and together with the boundedness of the projection P on BMO, implies that
the first factor is bounded by a constant C,. By Theorem 2.1 there is k such that
n < k < 1 and C, such that if | b(z) |> «, then the second factor is bounded by C,e.
Hence if | b(z) |> «, then

) 1/2
(flets) - etm)o)Par) <ce. O

COROLLARY 2.6. Let N be a positive integer and let f,,....f, € L® with || fll , < 1.
Suppose b is a Blaschke product and 0 < < 1, e > 0 are such that

(1o~ aserpar) <

for j=1,...,N whenever | b(z)|>n. Then there is 0 < k < 1 depending only on ¢, 0,
and N, and there is Cy, depending only on N such that

5 1/2
(f'Q(f]”’fN)“Q(fl fN)(z)| sz) < Cye
whenever | b(z) |> k.

PROOF. Induction on Theorem 2.5. [

In [4], Chang shows that VMOgz = Cy + Cg. Of course this implies that VMO, =
Qg + Q. Our next result shows that this decomposition can be done in a uniform
way.

THEOREM 2.7. Let 0 < Cy < 1 be a number such that if f € BMO with f(0) = 0 and
Il £, < Cy, then f can be written as f = f + f where || fill , < LIl 1l , < 1(such a
number exists by C. Fefferman’s Duality Theorem [6,7]). Then if || f|l, < C, and
f(0) = 0 we can write f = f, + fy with || f;l , <6, | £, | . < 6 and so that the following
will be true. Given € >0 there exists ¢ >0 depending only on & such that if
(f|f = f(2)?dP,)\/* < & whenever |b(z)|>m, where b is some Blaschke product
and 0<n <1, then ([|f; —fi(2)|*dP,)'/*<e and ([|f, — f(z)|*dP,)"/* <e
whenever | b(z)|> 7', where 0 <1’ < 1 depends only on ¢ and 7.

PROOF. Our proof is a combination of the proof of the decomposition VMO, =
Cy + Cp in [9,Chapter 9] with our Corollary 2.6. Assume f is real and write
f=v+w, where [lvll, <1and |lwll, <1, and define g = 3(v + iw). Since v + w
= v + iw + w — iw, we have Qg = 30f. By Nevanlinna’s Theorem [9, Theorem 4.3,
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Chapter 4], there is a unimodular function « such that g = u — h for h € H* and
d(u, HP) = 1. Since |lu —hll, <% it follows as in the proof of [9, Lemma
4.3, Chapter 9], that | h(z) |> 1 for all z € D. We have ||1 — @l , <2, so
iuh € S, = {re: }<r<4$,|0|<sin'}}.
Therefore
uh™! = (ﬁh)“ €S, = {rew: %<r<3 |0|<sin“%},

So Il — {5uh~'ll , < %, hence we can write 10@h = Z®_ (1 — uh™")", or i =
(10A)'32_o(1 — Huh™")". Now let ¢ >0 be given and choose N so that
22 n+1(36)" < 4e. We now have

lN 1 n N n+1
WE(I_E“") § (IOh) “

SO

(fIQt?— Qa(z)lzdP,)w

N 1 n+1 1 n+1 2
< n§0|cn1v| f’Q((m) u ) - Q((m) u )(2)
Let ¢ > 0 be very small and suppose that a Blaschke product b and 0 <7 <1 are

such that (f | Of — Qf(z)|* dP,)"/* < ¢ when | b(z)|> 0. Since Qu = Qg = 30f, if
¢ is small enough we can find by Corollary 2.6 a number 7', n < 5’ < 1, such that if

| b(z)|> 7" then
N +1 n+l 2
1\ . _ 1 n £
néolanl(fQ((m) u ) Q((th) u )(Z) <4'
Thus (| Qi — Qu(z) |*dP,)"/* <e/2 if | b(z)|>n'. Since Qit = Pu — Pu(0), this
shows that ([ |u — u(z) |2 dP,)'/? <eif |b(z)|> 7.
Now since k — ik = 0 for any analytic k¥ and f= 3u — 3h + W — iw, we have
f— if = 3u — i3a. Thus f = Re( f — if ) = Re(3u — i3ii), and since

(f|l7 - a(z)|2sz)l/2 = (fl“ _ u(z)lzsz)l/z

for any z € D our proof can be completed by setting f, = 3Rew, , =3Imu. O
We next give a method (Theorem 2.14) for solving certain d-equations with
boundary values in Q.
DEFINITION. Suppose F is a function on D and u is a function on dD. We say F
has L' boundary function u if lim,_,, [ | F(re’®) — u(e”)| d/2= = 0.

THEOREM 2.8. Let @, ®,: D —» R" satisfy 0 < ®,, ®, < M and let g be a function
on D such that

1/2

dr,| +

£
7

1/2
dP,

L[ 18 LPILLP (1 = |2) dx dy < ¥,(a)
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and

|L’ (1 —|z) dxdy < ®,(a).

JJ[3E < v

Then there is a function F on D with 0F/9z = g, having an L' boundary function u for
which [ |u — [udP,|* dP, < C(®,(a) + M®,(a)) for all a € D.

ProOF. The conditions imply that |go L, |*| L, |*(1 — |z |*) dx dy
and |9g/dz o L, || L,[>(1 — |z|*) dx dy are Carleson measures with Carleson norms
at most CM. Define

dp, =|g[*|z|log(1/| z|)dx dy
and
dv, =|0g/3z || z|log(1/| z|)dx dy ;

I, and v, are then Carleson so 9U/dz = g has a solution and any solution U must
satisfy

. oy, o dl _ 2 o4 50 1
(2.9) 11—12 [U(re'o)h(re'o)ﬁ = ;/;)/(hg+ha—f)10gmdxdy

when h € Hj (see [9, Chapter 8]). The area integral converges absolutely. Let P, be
the orthogonal projection of L? onto HZ, and define a linear functional ¥ on L2 by

@) ¥ =2 f|(Bsye+ (NFE |lograx sy

LemMA 2.11. sup /<1 | ¥(SF) < C(p (D)2 + vyl v (D) /2).
PRrOOF. By Schwarz’s inequality,

2 172 1/2
()< % ff'(P"f)'logI ldxdy) (folgFIZIlogl |dxdy)

P 2l 1
+_72;(/D/‘ of |z|log| Idxdy) ( f|—g |z|logﬁdxdy)

V4
The four integrals are bounded respectively by C, p (D), Cliz,ll,, and »(D). O
Let u € L? be the function on 9D such that ¥(f) = [fu d0/217 for all fE€ L% By

Lemma 2.11 we have
(2.12) lull3 < C(pg(D) + ll,ll,»,(D)).

1/2

LEMMA 2.13. (a) u € HZ.
(b) There is a continuous function F on D such that F has L' boundary function u and

0f/0z = g.
(c) u and F are determined by (a) and (b).

PROOE. (a) follows from the fact that ¥(f) = 0 when f € H?. To prove (b), set

_ -l u(§) {z ag
F(z) = 2—7”/;0{_2 df + fjl ‘g edédn.
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F has L' boundary function u by (a) and well-known facts about Green’s potential
(e.g. [21,8IV. 10]). To prove dF/9z = g let V be any function with 9V /9z = g.
F — V is obviously harmonic, so

a(F V)( )= hm/ (F(re'a) - V("e’”))

Since e /(1 — we™) € HZ, (2.9) and (2.10) prove the limit is zero.

To show (c), assume (u,, F,) and (u,, F,) satisfy (a) and (b). Then u; — u, € 1702
and u, — u, is the boundary function of F; — F,, which is analytic and therefore
zero. O

We will call 4 the canonical boundary function for the equation 3V /dz = g. By
Lemma 2.13 it is conformally invariant: if u is the canonical boundary function for
0V /3z = g then uo L, — fudP, is the canonical boundary function for 9V /9z =

go L, - L. It follows that
2

< C(Beer, £(0) + e, 2 (D))

C((Dl(a) + M<I>2(a)).

Equivalently, [ |u — fudP,|* dP, < C(®,(a) + M®,(a)), proving Theorem 2.8. [
REMARK. The functions # and F may be obtained without using duality. Given g
satisfying the conditions of Theorem 2.8, let

uOLa—fudPa

{z

6(z) =21 agdgd

§

Then g — 9G/9zZ is conjugate analytic; let W = [§(g — 0G/0z) dz be a primitive
vanishing at the origin and take F = W + G and u(e’®) = W(e'?).

THEOREM 2.14. Suppose g is a function on D such that

[ f1ge LP 1P (1= |2 F) dx dy < @(a),

INji s

where ® is a bounded positive function on D with ®(a) — 0 as a » OU(B). Then there
is a function F on D such that 3F /37 = g, having an L' boundary function u € Qp.
Moreover, u satisfies estimates of the form |lull, <M, [|u — [udP,|* dP, < ¥(a),
where ¥ is a bounded function on D with ¥(a) - 0 as z > ON(B), and M and ¥
depend only on ®.

|L’ (1 —|z]?) dxdy < ®(a),

ProOF. Immediate from Theorems 2.7 and 2.8.

COROLLARY 2.15. The Corona Theorem is true in QAg: if f,,....f, € QAp and
inf, max; | f,(z)|> O, then there are g,,...,8, € QAg with f,g, + - -~ +1,8, = L

PrOOF. Mimic the proof in the appendix of [16] or Chapter 8 of [9]. O
Our next lemma is a technical result relating various shrinking conditions on
measures. It is needed only for the proof of Corollaries 2.18 and 2.19.
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LEMMA 2.16. If p is a positive Carleson measure on D then the following are
equivalent.
@) fp(1 —|al?)/|1 — az|* du(z) < ®(a), where ® is bounded and ®(a) - 0 as
a - 9(B).
(i) p(S,) < (1 — | a|)¥(a), ¥ bounded and ¥(a) — 0 as a - ON(B).
(iii) For each € > 0 there is a neighborhood U of OW(B) such that ||x pll, <e,
where X, is the characteristic function of U.

REMARK. (1) If dp =| g| (1 — | z|*) dx dy for some function g then (i) is equivalent
by the change of variables formula to

[ 8= L 1L (1 = | 2) dx dy < B(a).

(2) When dp =| Vf|*(1 = |z|*)dxdy with f harmonic, then (i)-(iii) are all
necessary and sufficient for f € VMOy [3]. That the conditions are equivalent in
general is undoubtedly known to many people, but there is no proof in print. We
thank D. Marshall for the proof that (ii) implies (i).

PROOF OF LEMMA 2.16. We show (i) = (ii) = (iil) = (ii) = (i). The implication from
() to (i) follows from the inequality 1/(1 — |a|)< C(1 —|a[*)/|1 — az|* for
z € §,, while the proof that (ii) = (iii) given in [3,Lemma 5] for the case p =
| Vf2(1 — | z|*) dx dy goes over verbatim.

(iii) = (ii): Use induction to choose Blaschke products b, € B!, b;|b;,,, the
numbers §;, 0 < §; < 1, such that the following statements are true. For each n > 1,
(8,,1/2",6,,,) plays the role of (7, ¢, k) in Lemma 1.1. ||Xc,,#||* —>0asn- oo,
where G, = {z: |b,(z)|>86,}. If a€D, let n=n(a) be an index such that
| b,+(a)|> 8, ,; we can make n(a) go to oo as a —» IM(B). We have then

r(S,) = (S, N G,) + p(S\G,)
<p({z €S,:|b,(2)|>8,}) + n({z € S,: | b11(2)|<8,})

< (1= |a)(lxg,pl + 31ul)
=o(l —|a|) asa- OM(B).

(i) = (i): Fix a € D and define a sequence {z;} by z, = a(1 — 1/2/)/|a|. Let N
satisfy | zy | <|a|< a,,,; write

[ = [ T + 2/ et aua),

|1—az|?

In these integrals,
1-|af

<C2Y¥ forz€eD
[1—az|?

and

1—|al?

— 2L < .2V
|1—az?
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when z € D\S,,. So

1-|af -N| 9N S H2n-n
[ du(z) < €M 2M¥(zy) + T 2227MU(z)) |,
p|1—az|? =0
proving
1—|al? N
(2.17) f—_———zdp(z) <C2 2¥(z)).
D|1—az| j=0

If 0<n<1 and M is a positive integer, then by Schwarz’s Lemma there is
0 < 8 < 1 such that whenever |z, |<|a|<|zy,,| and b is a Blaschke product with
| b(a)|> & we have | b(z,)|>n for N — M < j < N. To prove (i), fix ¢ > 0. We need
0 < & < 1 such that | b(a) |> 8 implies [p(1 — |a|*)/|1 — az|* dp(z) < e Let M be
some integer with 2™ < ¢ C(2 + sup,cp ¥(w))]"' with C as in (2.17). Find a
Blaschke product b € B™' and 0 <% <1 such that |b(z)|>n implies ¥(z) <
e[C(2 + sup, cp¥(w))]™'. Use the remark following (2.17) to choose 0 <8 <1
corresponding to n, M. Then if | b(a) |> &, (2.17) gives

1-— |a|2 N ‘ (N—-M)* —1 '
/ ——ﬁdp.(z) <sCc2V > 2J‘I’(Zj) + > 2/‘I’(Zj)
p|l—az| J=(N—M)* j=0

-1
< C2’N(e2N+'[C(2 + sup \I'(w))] + 2V "M qup \I'(w))
weD weED
<e. O
DErFINITION. We will call a measure p satisfying (i)-(iii)) of Lemma 2.16 a
B-Carleson measure.

COROLLARY 2.18. If p is a B-Carleson measure then there is a nonnegative function T
on D such that 1(z) - o« as z > OW(B) and T is still B-Carleson.

PrOOF. Choose a sequence {b,} of Blaschke products in B~' such that b, | b, , and
an increasing sequence of positive numbers {§,} such that §, - 1 as n —» oo and
Zx_ilixg,mll, < oo, where G, = {z € D: | b,(z)|>§,}. Then G, D G,,, and N,G,
‘= @. Let {¢,} be a sequence of positive numbers such that ¢, > c0 as n > o0 and
2ot lixg plly < oo. Definer(z) =1ifz € G, and 7(z) = 1,if z € G\G,1|, n =
1. Then 7u is Carleson and || xg 7pll, — 0 as n — oo, hence (iii) of Lemma 2.16 is
satisfied. O

COROLLARY 2.19. Suppose {z,} is an interpolating sequence for H*,0 <n <1, p is
a measure supported on {z € D: p(z, z;) <n}, and the total variation of p, | p;| (D),
is bounded as j varies and tends to zero as z; - OM(B). Then (1 — |z|)Zp; is a
B-Carleson measure.

ProoOF. This follows immediately from (iii) of Lemma 2.16 and the fact (see
[9, Chapter 7]) that 2821(1 — | z;]) is a Carleson measure. O

3. Turning approximate interpolation into actual interpolation. In this section we
prove that if {z,} is an H® interpolating sequence satisfying an auxiliary condition
A p, then any bounded sequence of numbers that can be approximately interpolated
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by a Qp function at {z,} can be interpolated by a Q4 function. The condition A  is
a technical condition needed for the construction of certain analytic functions which
multiply the Blaschke product with zeros {z,} into QA4 ;. We will show in §4 that any
sequence which is thin near 9N ( B) satisfies A 5.

DEFINITION. Let B be a Douglas algebra. A sequence {z,} C D is said to satisfy
Ay if the following holds: whenever o is a function on D such that ¢ =4 and
0(z) > o as z - IM(B), there is v € VMO, with 0 < v(z) < o(z) for all z €D
and v(z,) - oo as z,, - OMN(B).

THEOREM 3.1. Suppose B is a Douglas algebra and {z,} is an H* interpolating
sequence satisfying A g. Then if {\A,} is a bounded sequence of complex numbers and
u € Qg with |u(z,) — X, |- 0 as z, > OW(B), there is h € QA with h(z,) = A, for
all n.

REMARK. We mentioned in the Introduction that we will need specific estimates to
carry out the linearization argument in §6. Because of the estimates in §2 it will be
clear from the proof that the following version of Theorem 3.1 is in fact true.
Suppose {z,} satisfies A . Suppose ¢, > 0 is a bounded sequence with ¢, — 0 as
z, > OM(B) and @ is a bounded nonnegative function on D such that ®(z) - 0 as
z - 9(B). Then there exist C > 0 and a bounded nonnegative function ¥ on D
with ¥(z) - 0 as z - IN(B), such that if |lull , <1, M,(u) < ¥(z,) for all arcs I,
and |u(z,) — A, |<¢, for all n, then there is h € H® with h(z,) = A, for all n and
Al < C, M;(h) < ®(z,) for all arcs 1.

ProoOF OF THEOREM 3.1. The first step is to modify u slightly to obtain a function
constant on small hyperbolic discs around the points z,. Let {z,}, u, {A,} be as in
the hypothesis and let n > 0 be some number small enough so that the discs {z € D:
|z —z,|<4n(l —|z,|)} are disjoint and contained in D. Let y be a smooth
function on [0, 00) such that 0 <y =<1 and y(¢) =0 when 7 <1, y(t) = 1 when
t = 2. Define a function g by

|z~ z]

Y| ——"= |(u(z,) = X,) + X, if|z—z,|<29(1 —]|z,]),
o=l ) VAl =z =200 )
u(z) if|z—z,|>2n(1 —|z,]|) for all .

Let e, = max{|u(z) —A,| +(1 — |z, ))| Vu(z)|: |z — z,|<29(1 —|z,]|)}. Since
u € VMOy and | u(z,) — A, |- 0 as z, —» 9(B), easy computations show that the
¢, are bounded and tend to zero as z,, > 9N (B), and that

| va(z) < Ceo/ (1= |2,1),  |88(2)]< Ce,/ (1= |2,1),

with C independent of n, whenever |z — z, |<2q(l — |z, ). These facts
together with Theorem 2.1 and Corollary 2.19 show that
| vg|*(1 — |z|*)dxdy and |Ag|(1 — |z|*)dxdy are B-Carleson measures. Also
note that g(z,) = A, when |z — z,|<n(1 — |z,|).

Next use Corollary 2.18 to choose a function ¢ on D such that ¢ =4 and
0(z) > o0 as z - 9MN(B), such that e>* | vg(z)|*(1 — |z[*)dx dy and
e’ | Ag(z)|(1 — |z[*)dxdy are still B-Carleson measures. By condition A , there
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isv € VMO, such that 0 < v(z) < o(z) forallz € Dand v(z,) > o asz, - OM(B).
Let b be the Blaschke product with zeros {z,} and consider the 3-equation
9 .
- -(v+iv) —
(3.2) 3 (g + be a) =0
for the unknown function a.

LemMma 3.3. If b is an interpolating Blaschke product with zeros {z,}, ¥ € QAy has
no zeros, and Y(z,) - 0 as z,, > ON(B), then Yb € QAp.

PrROOF. We may assume |||, < 1. We first show that if 0 <p <1 and e > 0 are
given we can find a neighborhood V of 9N(B) such that z € V and |b(z)|<1 —p
imply |¢(z)|<e. Let M be a number such that sup,|A,|< 1 implies there is
h € H* with h(z,) = A, for all n and || k|| , < M. We may assume ¢ is so small that

Me+ (1 +Me)£:lp—)< 1.
(1—10)
Choose N so that
_ N
Me + (1 +Ms)(1—p) <e

(1-1p) '
Let U be a neighborhood of 9N(B) such that z, € U implies that | y(z,) |< ", and
let b, be the Blaschke product with zeros {z,: z, € U}. Then b/b, € B~', hence
V= {z € U:|(b/byXz)|>1— 1p} is a neighborhood of M (B). Now say z € Vis
such that | b(z) |< 1 — p. Then | by(z) |< (1 — p)/(1 — 3p). Letf € H®, || f || < Me
be such that (z,) = y(z,)"/" for z, € U. Then b, divides f — y'/¥, hence

1£(2) = 9(2) N |1=1((F = /7)) /by )(2)] by (2)| < (Me + 1)(1 — p) /(1 — p).

This implies | Y(z) |/~ < Me + (Me + 1)1 — p)/(1 — 1p),s0 | Y(2) |<e.
Now let ¢ > 0 be given. Write

[ 146 = (b)) PP, = [ |4 dP, — |¥(z) P|b(z) P
= [1¥Pdp, = |9(z) P+ |9(2) P (1 = | b(2) )

< [1¥ = ¥(2) P dP, + max(|9(z) 2,1~ |b(2) ]P).

Since y € QAy, we are done by Theorem 2.1. O
Now equation (3.2) is equivalent to
da _ ev+i6 ) g

2z b

We claim there is a solution a of (3.4) with L' boundary function in Qp. Supposing
this to be true, Theorem 3.1 follows by letting # be g + be(°*®a; then 0h/3z =
0, h(z,) =\, for all n, and h € QA since g, a, and e~ ***¥p (by Lemma 3.3) all
have boundary functions in Q.

(3.4)
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To prove the claim let Q = (e®*'®/b)(dg/dz). Theorem 2.14 will give «
provided | Q|*(1 — | z|*)dx dy and |3Q/dz|(1 — |z |*) dx dy are B-Carleson mea-
sures. We only show that |3Q/dz|(1 — |z |*)dx dy is B-Carleson; the proof for
| @ *(1 — | z|*) dx dy is simpler. First of all,

a_Q _ evti? et 3p ag e°+i6@£

3z 4b b 0z0z  p? 0z 0z

Since b is interpolating and g is constant on small hyperbolic discs around the points
{z,},| b| has a positive lower bound on the set where 3Q/dz # 0 [12, Lemma 4.2].
By definition, | e®**?|< e°. Applying Schwarz’s inequality to the last two terms in
(3.5), we obtain

LJ| 32| -1zp)

(3.5) Ag+2

1—|af?

n—ap®?

<C

foeo(z)lAg(z)l (1-]a] )(1|—2I2| )dxdy

|1-az
+ ./D/e%(z) % 2(1- ||al|?(612|—2 |z]?) " dy)l/z
X fl)f%fz(l—Iltzllz_)(;z|—2|z|2)dxdy)l/z
o[ f femef e 0o LeR0 1))
X ,[Df %Izz 21— ||al|2_)(¢-,lz|_2 |z|2)dxdy)l/2]

= C[1 + II'/211'/2 + IV/2v1/2],

We know that e°|Ag|(1 — |z|*)dx dy and €?°| vg|*(1 — | z|*) dx dy satisfy (i) of
Lemma 2.16; let ®(a) be the function given there. Then the integrals I, I, III, IV, V
are bounded by ®(a), ®(a), llvll2, ®(a), 1, respectively; since ®(a) + ®(a)'/?| vll,
+ ®(a)'/? - 0 as a > OM(B), Theorem 3.1 is proved. O

We now give an example showing that Theorem 3.1 becomes false if the condition
A is not assumed to hold. We will work in the upper half plane. Let BUC denote
the algebra of bounded uniformly continuous functions on R. Then [18] H® + BUC
is a Douglas algebra and Q= pgyc = VMOg N L*, Q4= guc = VMO N H™.
Here VMOg = {f € L (R): (1/|I))f;|f— I(f)| dx - 0 as | I |~ 0}, where I runs
through all intervals of R.

ExampLE. There is an interpolating sequence {w,} for H® and a function
u € BUC such that no v € VMOg N H* satisfies v(w,) = u(w,) for all n.

Construction of the Example. For each positive integer k let x, and 7, be positive
numbers satisfying x, + 7, < x,,, and #, - o0 as k > oo. Let {z{*)} be the finite
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sequence {x, +j/2¥ +i/2%}o jcon,. Let {w,} = Ui {z"}. Then {w,} is an
interpolating sequence for H®. Let b be the Blaschke product with zeros {i + j:
jE1ZY), and let u=b € BUC. Suppose there were v € VMO, N H® satisfying
v(w,) = u(w,) for all n. The function f = vb would satisfy f € VMOgx N H®, f(w,)
— lasn - oo, and f(i + j) = 0 for all j € Z. The first two of these would show that
for any ¢ > 0,

sup{|(N, N+ 1) N {x: [ f(x) = 1|>e}|: N € (x;, x, + 1, = 1)} -0 ask > co.
This would imply by Poisson’s formula that

lim |f(i+n)—1|=0, acontradiction. [J

n—oo

There are Douglas algebras B (e.g. H* + C and H* + L3p\ (1) such that any H®
interpolating sequence satisfies A 5. Certain questions which are open for general
Douglas algebras can be answered for these algebras using Theorem 3.1; for
example, the analogue of Theorem 2 of [22] is true.

4. A construction. In this section we show that if the interpolating sequence {z,} is
thin near 9N ;, then it satisfies A 5. Our construction is based on that of Garnett and
Jones [10].

DEFINITION. Let I be an arc and f be a Lipschitz function on dD. We say f is
(a, b)-adapted to I if f is supported in I, | f|< a, and | df/d0|<b/|I| .

LEMMA 4.1 [10). Suppose § = {1} is a sequence of arcs satisfying 3 Lcs | L|<M|J|
for all arcs J. Let a; be (a, b)-adapted to I;, and let f = 3 a;. Then f € BMO and
lfll,<CM(a+b) O

Garnett and Jones state Lemma 4.1 for dyadic I;, but there is no difficulty in
modifying their proof to cover the nondyadic case We give two variations on

Lemma 4.1.
DEFINITION. Let § be a family of arcs and J an arc. The density of 9 in J, Dy(J), is

| Yregrcs L1/

LEMMA 4.2. With § = (I}, {a;}, f, and (a, b) as in Lemma 4.1, suppose L is an arc
for which L N I # @ implies | I;|<|L| . Then M, (f) <2L(|f|) < CaMDg(L)

PRrOOF. The first mequahty is trivial. The function a; vanishes identically on L if
LNl;=@.fLNI+ & thenl, CLLletE= Uchlj,andletE UE, be the
decomposmon of E mto disjoint open arcs. Then

aM =
L4 <1 2,|1|=|“T|212E <{Lj2 | El<amMDy(L). O
gL n LCE, n

Lemma 4.3, With § = {1,},{a;}, f,(a, b) as in Lemma 4.1, let L be an arc and
suppose that L N I #* & 1mp11es |I;|=|L|. Lety = sup, 7| L|/|1;| . Then M,(f)
< V(f) < CMby.
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PROOF. ,;\gain the first inequality is trivial. If a; does not vanish identically on L,
then L C I;. Forn = 1, let

§,={I; L c[and 3" <|L;|/| L|< ¥},
and let d, be the cardinality of §,. Then d, =0 if 37" >y. For any n we have
U, es; € 10 - 3"L. Therefore
d,|L|-3'< 3 |L|<Cl0-3"|L|, or d,<?30C.

=3
If I, € §,, then the variation of a; on L is at most b/3"~". So
v,(f)< Y 30Ch/3'<4sMpby. O

{n:37"<y}

COROLLARY 4.4. With {1;} and {a;} as in Lemma 4.1, suppose there is a Blaschke
product b € B~' and a number 0 <n < 1 such that | b(z)|<n when z € UjT,j. Then
f € VMOg.

PROOF. Given & > 0 we will find 0 < p <1 such that | b(z,)|> p implies M,(f)
< Ce. Make p large enough so that | b(z, ) |> p implies

(4.5) Dy(L) <e/aM.
(4.6) If |I,|=|L|and L C I, then | L|/| I;|< ¢/bM.

In fact, (4.5) follows from Lemma 1.1 and (4.6) from Schwarz’s Lemma, provided p
is sufficiently large. Now use Lemmas 4.2 and 4.3. O
We now give the main construction of [10] in the form we will use.

THEOREM 4.7 (GARNETT-JONES [10]). Let N < oo and € > 0 be given. Then there is
= 0 such that the following will be true.

Let R, and B be two collections of distinct dyadic arcs satisfying min(Dg (L), Dg(L))
< u for all arcs L. Then there exist collections of distinct dyadic arcs G(R) D R and
G(®) 2 B, with G(R) N G(B) = @, and functions a; which are (2,160 - 3*)-adapted
to arcs I, € G(R) U G(B), such that the following will hold with f = 3a;:

@) ZIJ_EG(%)UG(@)’,IQ,UJ. |<3|I|forallaresI, I, C I

()0 =<f=<N.
(i) I(f)>N—eif [ ER.
W I(f)<eif [ED.

(V) There is d > 0 such that Dg,q(1;) = d for all I, € G(R) U G(B).
In particular, || f I, < C by Lemma 3.1. O

ReMARks. (1) Theorem 4.7 is proved, though not stated explicitly, in [10].
Statement (v) follows from the fact that only a fixed finite number of generations is
used in the construction in [10]. See [14] for further discussion.

(2) The function f belongs to VMO, if the following additional condition is
satisfied: there exist a Blaschke product b € B~! and a number 0 < n < 1 such that
I € R U implies | b(z) |<n whenever z € T. To see this, note that by (v) and
Lemma 1.1 there is 0 <%’ <1 such that J € G(R) U G(B) implies | b(z) |< 7’ for
all z € T, and use Corollary 4.4.
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Another important step in our construction is the following lemma.

LEMMA 4.8. Let p> 0 and 0 < n < 1 be given. Then there are numbers 0 < § <1
and 0 < 0 < 1 making the following statements true.

Letf€ H® with || f1|, = 1 and let {z,,} be a Blaschke sequence. Suppose

) [I,,2nP (2,5 2,) > 0 for all n,

(i) | f(z,) |> 6 for all n.
Let = {I: I is a dyadic arc and 3z, € T;}, B = {I: I is a dyadic arc and
3z € T, | (2)|<m).

Then min(Dg(J ), Dg(J)) < p for all arcs J. O

ProoF. If ¢ is any H*® function define &M ={I: I is a dyadic arc and
3z € T;,| ¢(z) |<n}. By Lemma 1.1 there is 0 < p < 1 such that if [|¢|l, <1 and
| ¢(z;) |= p, then Dg, (J ) < p. Let b be the Blaschke product with zeros {z,}. Using
Lemma 4.2 of [12], choose 0 large enough so that there exists 0 < w < 1 satisfying:
(i) and | b(z) |< p force inf, | (z — z,)/(1 — Z,z) |< w. Then use Schwarz’s Lemma
to choose § large enough so that (ii) and | f(z) |< p force inf, |(z — z,)/(1 — Z,2) |
> w.

Let J be any arc. If inf,|(z, —z,)/(1 —Z;z,)|<w then |f(z;)|>p; if
inf, | (z; — z,)/(1 — Z,z,)|> w then | b(z;) | > p. In either case

min(Dg(J), Dg(J)) < min(Dg, (J), Dg,(J)) <p. O
We now give the main result of this section.

THEOREM 4.9. Suppose {z,} is thin near W(B). If ¢ is a function on D satisfying
6 =4 and o(z) > o0 as z > OM(B), then there is u € VMOy such that 0 < u(z) <
o(z) for all z € D and u(z,) - oo as z,, > IM(B).

PRrROOF. By Schwarz’s Lemma and the BMO analogue of Corollary 2.4, which can
be established by a similar proof, there is a number A > 0 with the property that if
f € BMO satisfies || f I, <A, then |f(z) — I,(f)|< 1 for any arc I and any z € T;.
Let {e;} be a sequence of positive numbers such that Ze; < A. We will construct u as
a sum of VMO, functions u;, each of which satisfies [lu; |, <e;.

By Theorem 4.7 there are p; > 0 such that the following statements will hold. Let
@L and ‘B be collections of distinct dyadic arcs satisfying min( D@ (L), D% (L)) <p;
for all arcs L. Then there exist families of distinct dyadic arcs G(éﬂ, )D GJl ,G(%)
D €6 and a function u; such that

(4.10) lull, <e; and 0<u;<j,
(4.11) H(u)>j—1/2 fI€R,
(4.12) Hu) <172/ fIE€S,

(4.13)  u;is a sum of functions (a', b'”)-adapted to arcs in G(@,j) U G(%j),
(4.14)  thereis d; > 0 such that Dy, () >d, forall I € G(R,) U G(%;).

We will inductively choose Blaschke products b, € B! such that b;| b, and
numbers 0 <, < 1 withn;,, > n;, such that the following will hold.



572 CARL SUNDBERG AND T. H. WOLFF

Forj= 1, if
RS9 = (I: Iis adyadicarcand 3z, € T;,| b/(z,) |>n,},

(4.15) @0 = (I: Iisadyadicarcand 3z € T, | b,_(z) |<m,_,},
then min(ng}(L), D%})(L)) <y, for all arcs L.
(4.16) |b(z)|=n;, implieso(z) >4+ ;%

Start by setting b, = 1,1, = 0. Now let j =1 and suppose b;,_, and n,;_, have
been chosen. Let § and 6 be such that (n,_,, p;, 8, 8) plays the role of (n, p, 8, 8) in
Lemma 4.8.

Choose b; and 7, so that 4.16 holds and

(4.17) n,> 38,
(4.18) inf ImIn |5y,
{n:|b(z)|Z0}} pep 1 - ZmZn

We have used the fact that {z,} is thin near 9(B) to get (4.18) and the condition
6(z) - o0 as z > IM(B) to get (4.16). We can assume b,_, | b;, since we can replace
b, by b;_,b; if necessary. Letting b; play the role of f in Lemma 4.8, and using
| b;—1(2) |=| bi(2) | , we see that (4.15) holds. This completes the induction.

Next set

Q= {I€R:3z, € T, | b i(2,) |[<mjvi ), B, =B

Since R, C R, (4.15) implies min(Dg, (L), Dg (L)) < p, for all arcs L. Let u; be a
function satisfying (4.10)-(4.14) with respect to ®; and B, and set u = Ju,;. We
claim that u satisfies the requirements of the theorem.

We first show that u € VMOy. Fix j = 1. For every arc I € R, U B, there is
z € Ty with | b, ((z) |< m;,,. By Remark (2) following Theorem 4.7, u; € VMO,. So
u € VMO because Zu; converges in BMO norm.

To show that u(z,) > oo as z, - 9N(B), we assume | i(z,)|>m; and prove
u(z,) =j — 1/27 — 1. If I is the dyadic arc with z, € T, then I € éﬁfj’. and therefore
I €®R, for some i =j. Hence u(z,)=I(u) — 1=2I(u)—1=2i—1/2—1=>j—
1/2/ — 1, where the first inequality follows from |lull, <A and the third from
4.11).

Since u is clearly positive it remains to prove u(z) < o(z). Fix z € D and let
N =0 be the largest integer for which | by(z)|= 1. Let I be the dyadic arc with
z €ET;. Then I € B, forj > N + 2, hence I(u;) < 1/2/ifj> N+ 2. Forj <N + 1
we use the trivial estimate I(u;) < ||yl , <j. Summing over j, we obtain

Q N+ 1)(N+2 1
I(u) = .Ell(uj)s ( )2( ) + NP2 <N?2+4+3<o(z)— 1.
j:

Another application of the estimate |lull, <A gives u(z) < o(z), completing the
proof of the theorem. 0O
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S. Another construction. We complete the proof of the implication from (3) to (1)
in Theorem 1 with the following approximate interpolation result.

THEOREM 5.1. If {z,} is thin near ON(B) and {\,} is a bounded sequence of
complex numbers, then there is f € Qg such that |f(z,) —A,|- 0 as z, - ON(B).
More precisely, we can find f satisfying:

@11 f1l,, < Msup,|A, |,

(5)1/(z,) = A, |< 8,509, A,

(©) M (f)<®(z,)sup;|A,|
where M,{8,}, and ® depend only on {z,}, ® and {8,} are bounded by constants
depending only on {z,}, and §, - 0 as z, » IN(B), ®(z) - 0 as z - IN(B).

ProoF. The proof of this theorem will occupy the rest of this section. It will be
clear from our construction that the function f will depend linearly on {A,},
although we will not need this fact.

DErINITION. We will say that a sequence of arcs {/;} is thin near 9(B) if the
sequence of points {z I } is thin near 91 ( B).

We construct f as a linear combmatlon of functions a, which equal 1 on I, and
vanish off a suitable fixed multiple q,l Iz In the first part of this section we choose q,

so that g, » o0 as z, » IN(B), {q,,Izn} is thin near 9N (B), and certain technical
conditions are satisfied. The main construction begins with (5.14).

For future reference we note the following facts about the pseudo-hyperbolic
metric.

(52)Ifz €D, z;and z, arein §,,and p; = 1 withp;(1 — |z;) < 1 — | 2|, j = 1,2,
then | (z, — z,)/(1 — Z,z,)|< 1 — 1/100p, p,; this follows easily from

2:(1_|zl|2)(1_|22|2)>1_|2|1_|Z| 1

(5.3) Fix e>0. If z,z, €D with |(z; — z,)/(1 — Z;z,) |< 1 — ¢, then
|(z = 2,)/(0 — 2,2)|>|(z — z,)/(1 — Z,2) |*/* provided |(z — z))/(1 — Z,z)]| is
sufficiently large; one way to see this is to use the conformal invariance of the

pseudo-hyperbolic metric to reduce to the case z = 0 and z, > 0, where it follows
easily.

zZ, — 2z
1 2
1-—

-2z,

LEMMA 5.4. Suppose {z,} is thin near SN(B). Then there are numbers 0 < p, < 1,
0<y,<1, withinf, y,>0,p, > 1 and v, > 1 as z,, > ON(B), such that whenever
{$,} C D with p(z,,8,) <p, for all n we will have 11,,,.,0($,,, §,) =7, for all n. In
particular, {§,} will be thin near OW(B).

PrROOF. We inductively define a sequence of neighborhoods U, of 9 (B), such
that U, D U, and D N (N,U,) = &. Let a >0 be such that II,,..,p(z ) >
e~%/2 for all n.

Set U, = OM(H™). For k = 2, if U,_, has been chosen then choose U, so that the
following statement is true. If {{;} satisfies p(z;, §;) <1 — 1/(k + 2) and if

E={z:2,€ D\U,_,}, E' ={{:z,€D\U,_,},
F={z:z,€ U}, F ={§:z,€ U}

m’n
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then, using the notation b, for the Blaschke product with zeros G,

(5.5) |bg(z)|>e %% whenp(z,U,) <1— 1/k,
(5-6) inf [ o(5,8)>e ",
GEF ter
i#j
(5.7) |bp(z)|> e/ when p(z,D\U,_,) <1— 1/k.

Justification. Since by € B~' we can choose U, so that
|b(2) [> exp(-a/ (2k + 4)2)

when p(z,U,) <1 — 1/k. We do this, and using (5.3) make p(U,, D\U,_,) large
enough so that | bg.(z) |>|bg(z) |**** when p(z, U,) < 1 — 1/k. This gives (5.5). By
(5.3) and Lemma 4.2 of [12],(5.6) and (5.7) will both be satisfied if p(U,, D\U,_,)
and inf, ¢y, I, cy, inP(2;, 2;) are sufficiently large. Since {z,} is thin near IN(B)
we can make these quantities as large as we like by shrinking U, further. This
completes the induction.

Now define p; and v; by p; = 1 — 1/k, v; = exp(-3a/2*) for z; € U\Uj,.,. We
show that if {{;} satisfies p(z;, §;) < p;, then
(58) H p(gj’gm)>ym‘

JjF*m

For each j define k(j) = k if z; € U\U,,,. Fix m and write Il .,.0($;, $,) =
RSy 5k(my+2T,> where R is the product over those j for which k() < k(m) — 2, S
is the product over those j # m for which k(m) — 1 < k(j) < k(m) + 1, and for
k = k(m) + 2 T, is the product over those j for which k(j) = k. We have R >
exp(-a/2%™) by (5.5) with k = k(m), S > exp(-a/2¥(™) by (5.6) with k = k(m)
— 1, and T, > exp(-a/2¥) by (5.7) since when k = k(m) + 2,

p($,, D\U,_,) < p(gm’D\Uk(m)+l) <o($s 2) <1 = 1/k(m) <1 - 1/k.

Multiplying the estimates on R, S, and T, now gives (5.8). This completes the proof
of Lemma 5.4. O

For the rest of this section, {z,} is a fixed sequence which is thin near 9N(B). We
will denote 1, by I,. A consequence of Lemma 5.4 is

COROLLARY 5.9. There exist 0, > 1,06, > o as z,, = ON(B), such that 1 <1t,<o,
implies {t,1,} is thin near O(B). In fact, Il ,,.n0(2, 1, 2, 1 ) =Y, where v, is as in
Lemma 5.4.

PrOOF. By shrinking the neighborhoods U, in the proof of Lemma 5.4 we can
assure that | z;|> p;. An easy calculation then shows that p(z,, z, ; ) <p, if 1 <1,
<o,=(1+p,)/(1 —|z,]|p,), hence the corollary follows from the lemma. O

For any such {¢,} we will have

(5.10) 2 |tL|<A|L| forallarcsL.
{j: yI;CL}

Here A = C'max;log(1/y;) is independent of the particular choice of {r,}. We now
choose a specific such sequence {g, }, which should satisfy the following conditions.
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(5.11) 1<g’<o, and g,—> o asz,— OM(B),
(5.12) For any n with p, > %ﬁ_gn/d for any j # n, the condition

—~~
n-n

q;1;C q,I, implies g;|[;|<|I,] .
(5.13) For any arc L there is at most one » such that
2499
Pn > 2500
Both (5.12) and (5.13) follow from Lemma 5.4 provided g, is sufficiently small in
comparision to 1/(1 — p,). In fact, we can take g, = max(1,[2500(1 — p,)]"'/*). We
show (5.13) is then satisfied; the proof for (5.12) is similar. Fix L and suppose I,
and I, both satisfy the conditions of (5.13). By (5.2),

- ———1—— < max|1 — L , 1 — L 7
2500q3,q,f 2500q,‘:l 2500q,

p(zm’zn)< 1 =max(pm,pn).

This contradicts Lemma 5.4.
For eachj = 1,2,... define a function a, by

1 ife" e,
. -1 3q‘27T|I| B ; ~—
(5.14) a;(e") = (log(34;)) 10g_21|_—t—:5j- ife” € q,I\1;,
0 ife &gl

where ¢’ is the midpoint of I,. Then a; is (1,2/l0g(3q;)) adapted to g;/; and
lla;ll, <2/log(3g;).

We will show that an infinite linear combination of the {a;} with bounded
coefficients belongs to VMO, and then use an appropriate choice of coefficients to
prove Theorem 5.1.

LEMMA 5.15. If {B;} is a bounded sequence of complex numbers and f = 2B;a;, then
f € VMOg. In fact, M;(f) < ¥(z,)sup;|B;|, where ¥ depends only on {z,} and
¥(z) - 0 as z > IN(B).

PrOOF. Write 29 for the set of all arcs {q;/;} and let w, =z, ,. Given ¢ >0,
choose a Blaschke product b € B! and 2% < 5 < 1 such that

(5.16) | b(w,)|>mn implies 2/log(3q,) <e.
Then, using Lemma 1.1 and Schwarz’s Lemma, choose 0 < w < 1 such that

(5.17) |6(z,)|>w implies D, ;. |b(wj)|<,,)(l:) <e,

N |L| ==
(5.18) |b(z,)|> w implies sup |qAIAlz|b(wj)|<'qandLgqjlj <e.
J7J

Fix an arc L. We will show that if | b(z,) |> w, then M,(f) < de sup; | B;d| with d
independent of {8;} and L; this will prove the lemma.
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We can assume sup; | 8;|= 1. Split f into four pieces according to the following
decomposition of 29:

99, = {q,1;: | ¢,I,|>| L| and | b(w,) |<n},
2%, = {g1;: | q;L;|<| L| and | b(w;) |<n},

t1g;L;1>| L] and | b(w;) |>n},
29, = {qjl': |quj|S|L|andIb(u{’.)|>n}'

29, = {q;
Set fy = 2. g casy B thenf=fi + i+ i+ f,.

Estimation for fi- Assume g;I; € 2%, and a; does not vanish identically on L.
Since | b(z,)|> w and |b(w)|< n, (5.18) implies | L |/|q;1;|<e. Now Lemma 4.3
shows that M, ( f;) < CAe.

Estimation for f,. By (5.17), DQg(L) <¢; Lemma 4.2 then shows that M;(f,) <
CAe.

Estimation for f. For q,1; € 29, we have by (5.16) that B;a; is (1, €) adapted to
q;1;. Lemma 4.3 then gives M;(f) < CAe.

Estimation for f,. From (5.13) we have that with at most one exoeption the arcs
q;I; € 29, such that:IT'ﬂ L # & must satisfy | ¢’I,|< L, hence g1, C L.

If an exceptional arc g, 1, exists, then ML(Bkak) Il Bea,ll, < 2/log(3g,) by
(5.16).

For the nonexceptional arcs we use (5.10) with , = gZ. In fact,

2 lgL|<Ce I |qiL|<CAe|L],

2
qjlng qJIICL

i1, ELY, i [,ELY,

N~

where the first inequality follows from (5.16) and the second from (5.10) and the fact
that g2 < o,. So M;(f,) < CeA” + ¢, by Lemma 4.2.

Combining the estimates for f, f,, f;, f, proves Lemma 5.15. O

We now prove Theorem 5.1. Suppose {A;} is a bounded sequence. We will find
{B;} (which will depend linearly on {A;}) such that f = 3 B,a; satisfies (a), (b) and (c)
of the statement of the theorem. We can assume sup; | A |< 1.

Renumbering, we may assume that {q;I;} are ]isted in decreasing order of size.
There is a positive sequence {¢,}, bounded and tending to zero as z,, - I (B), such
that for any numbers §,,...,£,_, we will have

(5.19)

n—1
Y~ a. | < max -
Ol jgl glaj) enl<j<n—l|£"|
To see_this, take e, = CA™\(1 —y,) with y, as in Lemma 54. If j<n then
qJI N q,,I,, # & implies

|42 1/14851< (1 = | (w, = w)/ (1 = wm,) ) < C(1 = 1,),
s0 (5.19) follows from Lemma 4.3.
We now define {8} inductively as follows. Set 8, = A,. If n > 2 and B, has been
defined for 1<j<n, we set f,_, =2Z|B,a; and define B, =0 if ¢, >} and

Bn = An - In(f;l—l) lf en < %
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Claim. | B,|<4 and || f,Il , < 3 for all n.
The proof of the claim is by induction on n. The inequalities are obvious if n = 1.
Let n > 1 and assume the inequalities hold for n — 1. Then | 8, |<|A, | +I f,_,II <

1+ t 4. If ¢, > § the second inequality follows since f,_, =f,. If ¢, <3 and
t € q,1,, (5.19) implies
(5.20) |fima(8) = L(fi)) < de, < 1.

If we write f, in the form

f;l(t) = [f;l—l(t) - In(f;l—l)] an(t) +fn—|(t)(l - an(t)) + Anan(t)
and use (5.20) and the estimates || f,_,l, <3, |A,|< 1, we obtain
17(1) 1< a,(2) +3(1 — a,(1)) + a,(t) =3 —a,(1) <3.
This proves the claim.

We now set f = 2%, B,a; = lim,,_, . f,. Clearly f satisfies (a) of Theorem 5.1 with
M = 3, and (c) follows from Lemma 5.15. Instead of proving (b) directly we show
that | I,(f) — A, |<§,, with §, independent of {A } and §, — 0 as z, — IN(B); this
is equivalent by Corollary 2.4.

Suppose n is such that ¢, < §. Then I,(f,) = A, by construction. We estimate
(/1 L,Dfy, | f — f,| d8/27 under the additional assumption that p, > 3. By (5.12),

j>nandg;l;N1,+ @ imply |q;I;|<|I,|. Applying Lemma 5.4 vgith §=w (j#
n) and §, = z,, we see that Il .,0(w), z,) > v,. Hence D, ;. j=ny(1,) < C(1 = ¥,,).
Since f — f, is a sum of functions (4, 8) adapted to arcs g,/; with j > n, Lemma 4.2
implies (1/|1,)f; |f— f,1d0/27 < CA(1 —v,) > 0 as z, > 9N(B). So we can
take 8, = 10 if ¢, >} or p, < 383, and &, = CA(1 — v, otherwise. This completes
the proof of Theorem 5.1. O

6. Per Beurling functions for QA4 ;. In this section we prove the last statement of
Theorem 1, by a method due to Varapoulos [23, 24].

PROPOSITION. Let {z,} CD be thin near ON(B). Then there exist functions
¢, € QAg, n =1, such that ¢,(z,) = d,, and such that IY\,$, € QAp whenever
{A,} is a bounded sequence of complex numbers.

PrOOF. We have shown in §§3-5 that there exist M < oo and a bounded function
® on D satisfying ® > 0 and ®(z) — 0 as z » 9N(B), such that for any bounded
sequence {A,} there is a function f € H® satisfying f(z,) = A, for all n, || fIl , <
Msup,|A,|,and (f|f— f(z)|*dP,)"/* < ®(z)sup,|A,| forallz € D.

Fix a positive integer N and let w be a primitive Nth root of unity. For each
j=1...,N choose f, as above with f(z,)=w’*. For 1<Sn<N set g(z)
= %2 ,w/"f,and h, = g2. We claim

(6.1 h(z,) =8, forl<k,n<N,
N
(6.2) > |h(z)|<M?* forallz €D,

n=1

N
(6.3) S [|h, — h,(z)[?dP, < 4M>®(z)’ forallz € D.

n=1
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To prove (6.1), write

N 1 N K—m)i
g.(2) = 2 Jnf;(zk) =N 2 wETI=3,,.

j=1

2I~

To prove (6.2), write

N N N
2 = gllgn(2)|2= g

n=1

1 S W in knF ()
i 2 )

N S i 1 N , ,
2 —sz;(z)fk(z) 2 Whin == X () P < M*.
k=1 n=1 '=

J»

Finally,

N N
2 /lhn_hn(z)lzszz 2 _[lgn+gn(z)|zlgn_gn(z)|2dpz
n=1 n=1

N
<4M’ 2 flg,, — &(z) [ dP,

N

=4 3 S oo [ = LTI ] e,

nl_]kl

1 N
= 4M2W,~§| f|;; — f(z) P dP, < 4aM>®(z)’,

proving (6.3).
Now letting N tend to oo and taking weak limits, we obtain functions ¢, € H>,
n=12,..., satisfying ¢,(z;) = 8,22, | ¢,(2)|< M? all z €D, and

32 |6, — 6(2) P dP, < 4M*®(z)2. It clearly follows that

> A
n=1

< M?sup |\
k

and

2
dP, < 4M*®(z)* sup |\, 1,
k

2 An¢n - 2 An¢'l(z)
n=1

n=1
hence 23_ A, ¢, € QA4 for any bounded sequence {A,}. O

7. Completion of the proof. We prove (2) implies (3) in Theorem 1. Let {z,} C D
be a sequence for which (2) holds. Since VMO, C BMO, a theorem of Garnett [8]
implies that {z,} is an H® interpolating sequence. Hence there is A < oo such that
2, es(1 = |z,]) <A|I for all arcs I. Denote I, by I,. We first prove

LEMMA 7.1. Assume condition (2) of Theorem 1 holds, and let N = 1 and € > 0 be
given. Then there is a neighborhood U of OW(B) satisfying the following: if z, € U,
then Em;é",ZmESNI,,(l - |zm |) <e I Inl .
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PROOF. Suppose this is false, i.e. suppose we have N = 1 and ¢ > 0 such that for
all neighborhoods U of OM(B) there is z, € U such that 2, ., , ¢ sl = 12>
e|l,].

For E C N* we say that E has property (P) if the following holds.

(7.2) For any neighborhood U of 9 (B) there is n € E such that z, € U and

S (= lzl) > el 1,
m¥*n
2, €Sy, NU

We will now show that N* has property (P). Let U be a neighborhood of I( B)
and let b be the Blaschke product with zeros {z,: z, & U}. Since b;,c € B! there
are neighborhoods of 9N (B) in which | b, | stays arbitrarily close to 1. So there is a
neighborhood ¥ C U such that z € Vimplies that 3, o, 5 (1 —|2,|) <3¢|L,|.
Choose n with z, € Vand 2,5 . es,,(1 = |z, ) =¢|I,| . Then z, € Uand

2 (A-lz)= Z (A-=lz.D= 2 (1—1z,])
mvn m¥*n 2, €Sy \U
2, €SN, NU z2nESp1, ’

>e|l,| —3e|1,|= 3¢|1,| -

We now recall a result due to K. Hoffman [12, Corollary to Theorem 3.2]: Let A
be a Blaschke product with zeros {a,} and define §(4) = inf,(1 — |, |*) | A(a,)| -
Then A4 has a factorization A = 4,4, such that 8(4;) = 8(4)"/?, j = 1,2. This
result, together with the easy observation that if E has (P) and £ = E, U E, then
either E, or E, has (P), shows that there are sets E with (P) such that
inf, c gl ,.sn.me£P (2, 2,) is arbitrarily close to 1. So there is E with (P) such that
foralln € E,

(7.3) 2 (1=1z,)) <iell,] .

meE
2,E8n1,

By hypothesis there is f € VMOy such that f(z,) = 1 when n € E and f(z,) =0
whenn & E. Let = ¢/(24AN + ¢). There is a neighborhood U, of 9 ( B) such that
z € U, implies

1 do 1 do
m/l,lf_f(z)lg<n and |2le|LN1,|f_f(z)|5';<n'

Let n be as in (7.2) for the neighborhood Uj,. By the “first generation” construction
[9, Chapter 7] we can choose from the set

{zm: Zm € UO N SNI,,’m & E}
a subset {z,, } with {I,, } pairwise disjoint and
1 €
z(l_lzmk|)>3_A 2 (]_|2m|)>m|ln|'

k megE
2, €Sy, N
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We have then

dl
_/; |f_1|2,” |2NI|2f |f_1|ﬁ

_ 1 1 _s-m)
/|2N1n|§(|1”‘k| f'f'zw) |2Mr|zl T24AN

contradicting the definition of 1. This completes the proof of Lemma 5.1. [
We now continue with the proof of the theorem. Choose a small ¢ > 0 and a large
N. By Lemma 5.1 there is a neighborhood U of 91 ( B) such that
S (1—|z,.) <ell,| ifz, €U.

m¥#*n
2, €SN,

Set 8 = inf,,.,p(2,, z,). Then for z, € U, we have

_log H p(zm,z")2= 2 —logp(Zm,Zn)2

m¥*n m¥*n
1 1 2
log — 1-p(z,, 2,
arloegs 3 [1-eGmz)]
1 1 1 - lzn |2 2
= log5| 2 + 2 (1= 12aP)-
l - 82 82 m¥*n Z,,QSNI" | 1 - zm n|2

The first sum is clearly bounded by 47e. To estimate the second sum, write it as

[ee]

(7.4) sz =B,

k=0 z,,ESyk+1x; \ Sy« |1 |2
2k +HINL\O2KNT, ZmZn

One easily checks that for z & Sy, we have (1 —|z,[>)/|1 — Z,z,[> < C/2*N.
Together with the fact that 2, s(1—|z,[)<A4|I| for all arcs I, this easily
implies that (7.4) is bounded by CA/N. Hence -log]l,,.,.p(z,,, z,)* is bounded by
C(e + 1/N), which can be made as small as we like by picking & small enough and

N large enough. This shows that {z,} is thin near 9(B), and completes the proof of
Theorem 1. O
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